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In this brief report, we discuss the Seiberg-Witten maps up to the second order in the noncommu-
tative parameter θ. They add to the recently published solutions in [1]. Expressions for the vector,
fermion and Higgs fields are given explicitly.
PACS numbers: 11.10.Nx, 11.15.-q, 12.60.-i
The main purpose of this brief report is to complete
the second order Seiberg-Witten (SW) maps constructed
in [1, 2]. We consider canonically deformed space-time.
The commutator of coordinates is given by the constant
antisymmetric matrix θµν ,
[xµ ⋆, xν ] ≡ xµ ⋆ xν − xν ⋆ xµ = iθµν , (1)
where we have used the Weyl-Moyal star product
(f ⋆ g)(x) = exp
{
i
2
θµν
∂
∂yµ
∂
∂xν
}
f(y)g(x)
∣∣∣∣
y→x
. (2)
A prescription for constructing arbitrary gauge theo-
ries on a NC space-time was presented in [3]. Seiberg-
Witten maps [3, 4] relate noncommutative (NC) gauge
fields and ordinary fields in commutative theory via a
power series expansion in θ. In simplest possible ap-
proach to the construction of NC gauge field theories
all field products are replaced by ⋆-products. This ap-
proach, however, fails for general gauge theories. For
example for SU(N) gauge theories, the ⋆-commutator of
two infinitesimal gauge transformations does not close in
the SU(N) Lie algebra. This is the reason one has to
go to the enveloping algebra [5] of the Lie algebra of a
given group. Higher-order SW terms are now expressed
in terms of the zeroth-order (commutative) fields, and as
a consequence we do have the same number of degrees of
freedom as in the commutative case.
The SW maps are not unique. The free parameters
are chosen such that the non-commutative gauge fields
are hermitian and the action is real. Still, there is some
remaining freedom including the freedom of classical field
redefinition and noncommutative gauge transformation.
As already remarked in [1], the second order solu-
tion for the gauge field - and therefore also for the field
strength - given in [2] are not correct. We will provide
the corrected expressions. Most importantly, in this com-
ment we want to add the second order expansion of the
hybrid SW map for the Higgs field to the work [1]. This
is necessary if one wants to consider the Noncommu-
tative Standard Model (NCSM) [6, 7, 8] including the
Yukawa couplings. We have computed a special solution
and not the most general one, because of the complex-
ness. The hybrid SW map of the Higgs field was also
not discussed in [2]. There, the author considers only
θ-expanded Yang-Mills theory coupled to matter. Also,
other NCSM issues were not addressed in [2]. Therefore,
in this brief report we present the 2nd order SW θ ex-
pansion for gauge parameter, vector potential, fermion
and Higgs fields, all ingredients necessary for complete
construction of the NCSM at the 2nd order in θ.
The SW map of the noncommutative gauge parameter
Λ̂α is a solution of the relation
iδαΛ̂β − iδβΛ̂α + [Λ̂α ∗, Λ̂β ] = iΛ̂α×β . (3)
This relation has to be solved order by order. Therefore,
we expand the NC gauge parameter Λ̂α in θ and in terms
of the commutative gauge parameter α,
Λ̂α = α+ Λ
θ
α[V ] + Λ
θ2
α [V ] +O(θ
3). (4)
Noncommutative fields and gauge parameters are de-
noted by a hat throughout the paper. To first order in
θ, the equivalence condition (3) reads
i(δαΛ
θ
β − δβΛ
θ
β) + [α,Λ
θ
β ] + [Λ
θ
α, β]− iΛ
θ
α×β (5)
= −
i
2
θµν{∂µα, ∂νβ},
and to second order
∆Λ2 =
1
8
θµνθκλ[∂µ∂κα, ∂ν∂λβ]− [Λ
θ
α,Λ
θ
β ]
−
i
2
θµν
(
{∂µΛ
θ
α, ∂νβ} − {∂να, ∂µΛ
θ
β}
)
, (6)
with α × β = −i[α, β]. This is an inhomogeneous equa-
tion. The homogeneous part to order k is given by
∆Λk := i(δαΛ
θk
β −δβΛ
θk
α )+[α,Λ
θk
β ]+[Λ
θk
α , β]−iΛ
θk
α×β = 0.
(7)
The most general solution to 1st order, is given by
Λθα =
1
2
θµν{Vν , ∂µα}c, (8)
where {A,B}c ≡ cA ·B + (1− c)B ·A. The requirement
of hermiticity fixes the free parameter c to c = 1/2. In
this case, the general solution (8) becomes
Λθα[V ] =
1
4
θµν{Vν , ∂µα} . (9)
2A special solution for the 2nd order equation reads:
Λθ
2
α [V ] =
1
32
θµνθκλ
(
{Vµ, {∂νVκ, ∂λα}}
+ {Vµ, {Vκ, ∂ν∂λα}}+ {{Vµ, ∂νVκ}, ∂λα}}
− {{Fµκ, Vν}, ∂λα} − 2i[∂µVκ, ∂ν∂λα]
)
, (10)
with the field strength Fαβ = ∂αVβ − ∂βVα − i[Vα, Vβ ].
The noncommutative gauge field V̂µ transforms as
δαV̂µ = ∂µΛ̂α − i[V̂µ ⋆, Λ̂α] . (11)
The enveloping algebra valued gauge potential is there-
fore determined by the following consistency relations in
first and second order in θ
∆αV
θ
σ = ∂σΛ
θ
α − i[Vσ,Λ
θ
α] +
1
2
θµν{∂µVσ, ∂να}, (12)
∆αV
θ2
σ = ∂σΛ
θ2
α − i[Vσ,Λ
θ2
α ]− i[V
θ
σ ,Λ
θ
α]
+
1
2
θµν{∂µV
θ
σ , ∂να} +
1
2
θµν{∂µVσ, ∂νΛ
θ
α}
+
i
8
θµνθκλ[∂µ∂κVσ, ∂ν∂λα], (13)
where we have again used ∆αV
θk
σ = δαV
θk
σ − i[α, V
θk
σ ]
and the θ-expansion of the NC gauge field V̂µ
V̂µ[V ] = Vµ + V
θ
µ [V ] + V
θ2
µ [V ] +O(θ
3) . (14)
The general solution in first order in θ is
V θµ =
1
2
θαβ{Vβ , ∂αVµ}c +
1
2
θαβ{Vβ, Fαµ}c . (15)
Choosing a hermitian gauge parameter Λ̂α, we obtain
V θµ [V ] =
1
4
θαβ{∂αVµ + Fαµ, Vβ} (16)
and
V θ
2
µ [V ] =
1
64
θαβθγδ
(
4[∂δVβ , [Vµ, ∂αVγ ]]
+ 8{Vα, {Fµγ , Fβδ}}+ 8{Vα, {∂βFµγ , Vδ}}
+ 2i{Vα, {∂µVβ , VγVδ}} − 2{Vα, {∂β∂µVγ , Vδ}}
− {Vµ, {Fαγ , Fβδ}}+ 8{∂αVµ, {∂γVβ , Vδ}}
+ 2{Vµ, {VαVβ , VγVδ}}+ 2{∂αVγ , {Vβ, ∂µVδ}}
− 2{∂µVα, {Fβγ , Vδ}} − 2{VαVβ , {Vµ, VγVδ}}
− 4{VαVγ , {Vµ, VβVδ}}+ 8{VαVµVγ , VβVδ}
+ 8i[∂α∂γVµ, ∂βVδ]− 2i[∂µFαγ , Fβδ]
− 4i[∂α∂µVγ , ∂δVβ ]− 4Vα(∂βVγ)∂µVδ
− 4(∂µVα)(∂γVβ)Vδ + 2iVαVγ(∂βVδ)Vµ
− 4iVαVγ(∂µVβ)Vδ − 2iVα(∂βVγ)VδVµ
− 2iVα(∂γVβ)VδVµ + 4iVα(∂µVγ)VβVδ
− 2iVµVαVγ(∂βVδ) + 2iVµVα(∂βVγ)Vδ
+ 2iVµVα(∂γVβ)Vδ − 2iVµ(∂αVγ)VδVβ
+ 2i(∂αVγ)VδVβVµ + 4FαγVµFβδ
)
. (17)
Concerning Eq. (17), the second order of the SW map,
we disagree with ref. [2]. The solution given there, does
not satisfy the gauge equivalence relation (13).
Next, to find the Seiberg-Witten map for fermion fields
we have to use the SW map for the NC gauge parameter
(5) to (10), obtained as solution to the relation (3) via θ-
expansion (4), together with the noncommutative gauge
transformation for the NC fermion fields ψ̂
δαψ̂ = iΛ̂α ⋆ ψ̂ . (18)
The θ-expansion of the NC fermion fields ψ̂ reads
ψ̂[ψ, V ] = ψ + ψθ[ψ, V ] + ψθ
2
[ψ, V ] +O(θ3) . (19)
The above leads to the 1st order in θ consistency relation,
∆αψ
θ = iΛθψ −
1
2
θµν∂µα∂νψ, (20)
where ∆αψ
θk ≡ δαψ
θk − iαψθ
k
. To 2nd order, we obtain
∆αψ
θ2 = iΛθ
2
α ψ + iΛ
θψθ −
1
2
θµν∂µΛ
θ
α∂νψ (21)
−
1
2
θµν∂µα∂νψ
θ −
i
8
θµνθκλ∂µ∂κα∂ν∂λψ .
The general solution to first order in θ is given by
ψθ =
1
2
θµνVν∂µψ +
1− c
2
θµν∂µVνψ + d θ
µνFµν . (22)
The hermicity requirement c = 1/2, and choice d =
−1/8, leaves us with
ψθ[ψ, V ] = −
1
2
θαβ
(
Vα ∂β −
i
4
[Vα, Vβ ]
)
ψ . (23)
A solution to the second order in θ consistency relation
is given by
ψθ
2
[ψ, V ] =
1
32
θµνθκλ
(
− 4i(∂κVµ)∂ν∂λ + 4VκVµ∂ν∂λ
− 4(∂κVµ)Vν∂λ + 4FκµVν∂λ
− 4Vν(∂κVµ)∂λ + 8VνFκµ∂λ − 8iVµVκVν∂λ
+ 4iVµVνVκ∂λ − 2(∂κVµ)∂λVν + VκVλVµVν
+ 2i(∂κVµ)VλVν − 2iVνVλ∂κVµ − 2VκVµVνVλ
− i[[(∂κVµ), Vν ], Vλ]− 4iVνFκµVλ
)
ψ. (24)
Finally we consider noncommutative Higgs field Φ̂,
which is related to the commutative ones by the hybrid
Seiberg-Witten (θ-expansion) map
Φ̂[Φ, V, V ′] = Φ + Φθ[V, V ′] + Φθ
2
[V, V ′] +O(θ3) . (25)
Equation (25) generalizes the SW maps of both gauge
bosons and fermions. Φ̂ is a functional of a commutative
3Higgs field Φ and two gauge fields V, V ′. It transforms
covariantly under the following gauge transformations:
δΦ̂[Φ, V, V ′] = iΛ̂ ∗ Φ̂− iΦ̂ ∗ Λ̂′ , (26)
where Λ̂ and Λ̂′ are the corresponding NC gauge pa-
rameters. Hermitian conjugation yields Φ̂[Φ, V, V ′]† =
Φ̂[Φ†, V ′, V ]. The noncommutative covariant derivative
for the NC Higgs field Φ̂ is given by
D̂µΦ̂ = ∂µΦ̂− i (V̂µ ∗ Φ̂− Φ̂ ∗ V̂
′
µ) . (27)
As explained in [6], the precise representations of the
gauge fields V and V ′ in the Yukawa couplings are inher-
ited from the fermions on the left (ψ¯) and on the right
side (ψ) of the Higgs, respectively. The hybrid SW map
for the Higgs field up to second order is of course only
unique up to a solution of the homogeneous equation.
The most general solution up to 1st order in θ reads
Φθ[Φ, V, V ′] =
1
2
θαβ
[
Vβ
(
∂αΦ−
i
2
(aVαΦ− ΦV
′
α)
)
+
(
∂αΦ−
i
2
(VαΦ− bΦV
′
α)
)
V ′β (28)
+
1
4
(1 − a)(∂αVβ)Φ +
1
4
(1− b)Φ (∂αV
′
β)
]
.
Conventionally, we choose a = b = 1 and obtain to the
first order in θ
Φθ[Φ, V, V ′] =
1
2
θαβ
[
Vβ
(
∂αΦ−
i
2
(VαΦ− ΦV
′
α)
)
+
(
∂αΦ−
i
2
(VαΦ− ΦV
′
α)
)
V ′β
]
, (29)
while for the 2nd order we have found the following
lengthy expression:
Φθ
2
≡ Φθ
2
[Φ, V, V ′] = −
i
32
θαβθγδ
×
(
Vα
{
Vβ
(
Vγ
(
4∂δΦ− 3iVδΦ+ 4iΦV
′
δ
)
+
(
− 4∂γΦ− 2iΦV
′
γ
)
V ′δ
)
+ Vγ
[
4i∂β∂δΦ
+ Vβ
(
− 4∂δΦ + 2i
(
VδΦ− 2ΦV
′
δ
))
+ Vδ
(
4∂βΦ+ 4iΦV
′
β
)
+ 3(∂βVδ)Φ− 4(∂βΦ)V
′
δ − 4∂δΦV
′
β
+ Φ
(
4∂δV
′
β − 8∂βV
′
δ + 4i
(
V ′βV
′
δ − 2V
′
δV
′
β
))]
+ ∂βVγ
(
8i∂δΦ + 5VδΦ− 8ΦV
′
δ
)
+ ∂γVβ
(
− 4i∂δΦ− 3VδΦ
)
+ 4∂γΦ
(
− i∂βV
′
δ + i∂δV
′
β + V
′
βV
′
δ + V
′
δV
′
β
)
+
(
− 8i∂β∂γΦ+ 4(∂βΦ)V
′
γ
)
V ′δ
+ 4Φ
[
V ′γ
(
∂βV
′
δ − ∂δV
′
β − iV
′
βV
′
δ + iV
′
δV
′
β
)
+
(
2∂γV
′
β + iV
′
βV
′
γ
)
V ′δ
]}
+ ∂αVγ
[
4∂β∂δΦ+ Vβ
(
− 4i∂δΦ+ 4ΦV
′
δ
)
− Vδ
(
VβΦ + 4ΦV
′
β
)
+ 4i(∂βΦ)V
′
δ
− 2i(∂δVβ)Φ− 4i(∂δΦ)V
′
β
+ Φ
(
4i∂δV
′
β − 4V
′
βV
′
δ + 8V
′
δV
′
β
)]
+ ∂αΦ
[
V ′γ
(
− 4i∂δV
′
β + 4V
′
βV
′
δ − 4V
′
δV
′
β
)
+
(
8i∂γV
′
β − 4i∂βV
′
γ − 4V
′
βV
′
γ
)
V ′δ
]
+ ∂α∂γΦ
(
4iV ′δV
′
β − 4∂δV
′
β
)
+ Φ
{
V ′α
[
V ′γ
(
∂βV
′
δ + 2iV
′
βV
′
δ
)
+
(
3∂βV
′
γ − 5∂γV
′
β − 3iV
′
βV
′
γ
)
V ′δ
]
+ ∂αV
′
γ
(
− 2i∂δV
′
β − 3V
′
δV
′
β
)})
. (30)
The above expression may be written in a more conve-
nient way as
Φθ
2
[Φ, V, V ′] = Φθ
2
[V ] + Φθ
2
r [V
′]−
i
8
θµνθκλ
×
(
iVκVλVµΦV
′
ν − VκVλ(∂µΦ)V
′
ν − iVκVµVλΦV
′
ν
+iVκVµVνΦV
′
λ − VκVµ(∂λΦ)V
′
ν − VκVµ(∂νΦ)V
′
λ
−2VκVµΦ(∂λV
′
ν ) + VκVµΦ(∂νV
′
λ) + iVκVµΦV
′
λV
′
ν
−2iVκVµΦV
′
νV
′
λ − 2Vκ(∂λVµ)ΦV
′
ν
−4iVκ(∂µΦ)∂λV
′
ν + iVκ(∂µΦ)∂νV
′
λ
+Vκ(∂µΦ)V
′
λV
′
ν + Vκ(∂µΦ)V
′
νV
′
λ
−2iVκ(∂λ∂µΦ)V
′
ν + Vκ(∂λΦ)V
′
µV
′
ν + VκΦV
′
µ∂λV
′
ν
−VκΦV
′
µ∂νV
′
λ − iVκΦV
′
µV
′
λV
′
ν + iVκΦV
′
µV
′
νV
′
λ
+2V ′κΦ(∂µV
′
λ)V
′
ν + iVκΦV
′
λV
′
µV
′
ν + (∂κVµ)VλΦV
′
ν
−(∂κVµ)VνΦV
′
λ + i(∂κVµ)(∂λΦ)V
′
ν
−i(∂κVµ)(∂νΦ)V
′
λ + i(∂κVµ)Φ ∂νV
′
λ
−(∂κVµ)ΦV
′
λV
′
ν + 2(∂κVµ)ΦV
′
νV
′
λ
)
−
1
32
θµνθκλ2VκVλΦV
′
µV
′
ν , (31)
where Φθ
2
[V ] and Φθ
2
r [V
′] denote the second order ex-
pansion for fermion fields (24),
Φθ
2
[V ] = ψθ
2
[ψ, V ](ψ → Φ) , (32)
in the latter case the gauge fields are supposed to act
from the right,
Φθ
2
r [V ] =
1
32
θµνθκλ
× Φ
(
− 4i(∂κVµ)∂ν∂λ + 4VκVµ∂ν∂λ
− 4(∂κVµ)Vν∂λ + 4FκµVν∂λ
4− 4Vν(∂κVµ)∂λ + 8VνFκµ∂λ − 8iVµVκVν∂λ
+ 4iVµVνVκ∂λ − 2∂κVµ∂λVν + VκVλVµVν
+ 2i(∂κVµ)VλVν − 2iVνVλ∂κVµ − 2VκVµVνVλ
− i[[(∂κVµ), Vν ], Vλ]− 4iVνFκµVλ
)
. (33)
The solutions representing SW maps up to second or-
der in θ for fermion fields and Higgs fields, in the case
of V ′ = 0, are the same, i.e. the first order in θ Eqs.
(23) and (29) becomes identical. The same holds for the
second order Eqs. (24) and (30) or (31).
Higher SW expansions of the NC gauge, fermion
and Higgs fields up to second order in the noncommu-
tative parameter θ, are important due to the further
extension of previously published results. Specifically
those are applications of the enveloping algebra based,
θ-expanded, approach to higher gauge groups [7] and
to particular NCSM gauge sector representations [9].
Proof that SW noncommutative gauge theories are
anomaly free and the properties of the gauge anomaly
for general SW mapping as well as of the U(1)A anomaly
in noncommutative SU(N) theories [10] are certainly
very important. This comment is important regarding
further investigations of renormalizability properties
of the θ-expanded NC field theories in general [11].
Certainly, recent results [12, 13], showing that gauge
theories, in the θ-expanded enveloping algebra based
approach, are one-loop renormalizable at first order in θ,
are very encouraging. They give us hope that it would
be possible to investigate higher-loop renormalizability
up to the second order in the noncommutative parameter
θ. Clearly, one may expect that the renormalizability
principle should certainly help to minimize, or even
cancel most of ambiguities of SW maps discussed in
[1, 2] and in this comment. Finally, it is necessary to
comment that, due to the one-loop renormalizability
[11, 12, 13], the associated high energy particle physics
phenomenology [9, 14, 15] becomes more robust [16].
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